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Effect of four-fermion operators
on the mass of the composite particles
Roshan Foadi∗
We propose a theoretical framework for evaluating the effect of four-fermion operators on
the mass of composite particles in confining strongly-coupled gauge theories. The confining
sector is modelled by a non-local Nambu-Jona Lasinio action, whereas the four-fermion
operators, arising from a different sector, are local. In order to illustrate the method, we
investigate a simple toy model with a global SU(2)L×SU(2)R → SU(2)V symmetry breaking,
and a four-fermion operator breaking SU(2)L×SU(2)R but preserving SU(2)V. In the particle
spectrum we only include the pseudoscalar isospin triplet, that is the pseudo-Nambu-
Goldstone bosons associated with chiral symmetry breaking, and the lightest scalar singlet.
After checking that the nonlocal model successfully accounts for the experimental results
in two-flavour QCD, we investigate the mass spectrum as a function of the four-fermion
coupling. For our specific choice of four-fermion operator, we find that the mass of the
pseudoscalar triplet grows, whereas the mass of the lightest scalar singlet is approximately
unaffected, as the four-fermion coupling grows. We argue that these results can be directly
tested on the lattice, and briefly discuss possible applications of this technique to models of
dynamical electroweak symmetry breaking.
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2I. INTRODUCTION
In recent years strongly coupled gauge theories (SCGTs) have drawn great interest because
of their possible connection with the mechanism of dynamical electroweak symmetry breaking
(DEWSB). Any realistic model of DEWSB must feature, at the electroweak scale, a set of four-
fermion operators (4FOs) , which arise from a higher energy scale by integrating out massive
gauge bosons. Such 4FOs are in fact the source of the Standard-Model fermion masses [1–4], and
play a major role in determining the mass of the lightest scalar resonance, which is to be identified
with the Higgs boson. The latter, for instance, the can be the pseudo-Nambu-Goldstone boson
(pNBG) of a global symmetry, broken by the vacuum state of the SCGT [5–7]. In this case 4FOs
are necessary to give the Higgs a potential, and since the largest 4FOs are those connected with
the generation of the top mass, this leaves us with the intriguing possibility that the Higgs and
top mass are related [6, 7]. Alternatively, it has been argued that the lightest scalar resonance of a
SCGT receive negative radiative corrections from 4FOs, which may lower its mass from . 1 TeV
to 125 GeV [8–10]. Furthermore 4FOs may increase the mass of other pNGBs which the SCGT
may feature, explaining why these have thus far evaded detection [4]. It is therefore evident that
investigating the effect of 4FOs on the mass spectrum of SCGTs is of utmost importance in the
context of DEWSB.
In this note we shall not investigate any model of DEWSB, but rather use a simple toy model to
illustrate the method for computing the effect of 4FOs on the mass spectrum of a confining SCGT.
Specifically, we take the confined fermions Ψi L ≡ (Ui L,Di L) and Ψi R ≡ (Ui R,Di R) in a complex
representation R of the gauge group, where i = 1 . . .N ≡ dim(R) is the gauge index. This theory
features a global SU(2)L × SU(2)R symmetry, which is broken by the vacuum state to SU(2)V. As
a consequence, an SU(2)V triplet of pseudoscalar massless NGBs is generated. This is an upper
scale version of the QCD pion triplet, which is massless in the chiral limit. Pursuing the QCD
analogy further, we expect the lightest massive resonance to be a scalar singlet, i.e. a scaled-up
sigma meson with a mass of order of the confinement scale κ. We then include the 4FO (ΨΨ)2: this
is assumed to be generated by integrating out a gauge boson with massM, whereM2  κ2. Such
an operator preserves SU(2)V but breaks SU(2)L × SU(2)R, thus generating a mass for the pNGBs.
Our goal is to compute the latter and the mass of the scalar singlet. In order to achieve this,
we employ the Nambu–Jona-Lasinio (NJL) approximation of the SCGT, and compute correlation
functions in the large-N limit.
The standard NJL models with a cutoff fail to account for confinement, and are therefore not
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FIG. 1: (a) Hadronization diagram: the loop consists of constituent fermions, whereas the external
particles are composite states. (b) Renormalization diagram: both loop and external particles are
constituent fermions, and this diagram amount to a renormalization of the four-fermion operator.
fully reliable. In this note we avoid this issue by employing a nonlocal Nambu–Jona-Lasinio
model (nlNJL) [11–15]. This accounts for confinement through a constituent fermion mass which
is exponentially suppressed at large momenta, leading to a propagator without pole singularities.
Furthermore, the same exponential damping makes hadronization diagrams, such as the one of
Fig. 1 (a), finite. Diagrams without hadronization into external or virtual composite states are
those only involving the four-fermion vertex, such as the diagram of Fig. 1 (b). These are not
finite, and must be cutoff at the 4FO mass scaleM.
The most interesting aspect of this model is that it is predictive, and can therefore be tested
with computations in lattice gauge theory. Of course on the lattice one would not employ a nlNJL
approximation of the SCGT, but rather use the full gauge theory, and augment the latter with a
local 4FO. An example of this type of analysis is provided by the lattice study of gauged NJL
models [16, 17], with 4FOs which are themselves local NJL Lagrangians.
In the remainder of this note we illustrate the model by computing pseudoscalar mass and
decay constant, as well as the scalar mass. We then discuss the results, and briefly comment on
the application of this technique to theories of DEWSB.
II. THE NON-LOCAL NJL MODEL
Using a linear representation of the chiral symmetry, and suppressing gauge as well as isospin
indices, the NJL Lagrangian for our model reads
L = Ψ i /∂Ψ − Λ
2
2
[
S′2 + (Πa)2
]
− JS S′ − JaΠ Πa +
g2
2M2
(
ΨΨ
)2
, (1)
where Πa is the pNGB pseudoscalar triplet and S′ is a scalar singlet. The latter acquires a nonzero
vacuum expectation value from fermion condensation. This prompts us to define
S′ = κ + S , (2)
4where S has zero vacuum expectation value, and κ is the confinement scale. Note that we have
introduced three different mass scales: Λ, κ andM. We shall see that Λ is fixed by the requirement
that there is no linear term in the scalar field S, and is related to the confinement scale κ. The 4FO
scaleM is a new independent scale, completely unrelated to Λ and κ. However for our Lagrangian
to be meaningful, we must haveM2  κ2,Λ2, or else a 4FO is no longer a good approximation
for the physics at the scaleM.
The nlNJL model we employ is based on the instanton vacuum, and has been successfully
applied to low-energy QCD. The nonlocal currents are
JI(x) =
∫
d4x1
∫
d4x2 f (x1) f (x2) Ψ(x − x1)ΓIΨ(x − x2) , (3)
where ΓS = 1, ΓΠ = iγ5 τa, and τa are the Pauli matrices. The function f (x) must be chosen to
insure fermion confinement and to make all integrals with external Π or S finite. In the chiral
limit, g→ 0, this can be achieved by choosing the nonsingular fermion propagator
1
P2 + M2
P2
−→
g→0
1 − exp(−P2/κ2)
P2
. (4)
Here and below we mostly use Euclidean momenta, P0 ≡ i p0 ,Pi ≡ pi, which we always denote
with capital letters. Solving for the momentum-dependent fermion mass gives
M2P2 −→g→0
P2
exp(P2/κ2) − 1 . (5)
We see that the confinement scale κ is nothing but the fermion mass at zero momentum. Let fP2
be the Fourier transform of f (x). In the chiral limit, this is related to the momentum-dependent
fermion mass by
MP2 −→g→0 κ f
2
P2 , (6)
whence
fP2 =
[
P2/κ2
exp(P2/κ2) − 1
]1/4
. (7)
Note that this model breaks down at large time-like momenta, as Green functions grow exponen-
tially, and unphysical poles appear [13]. Therefore, this model is inadequate to account for radial
excitations, which require a different treatment [18].
We now let g , 0, and compute the momentum-dependent fermion mass, the pseudoscalar
mass and decay constant, and the scalar mass. As we compute these quantities in the large-N
scheme, we take the four-fermion coupling g to scale like 1/
√
N.
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FIG. 2: Diagrams contributing to: (a) Fermion mass, (b) H linear term (to be cancelled by the tree-level
contribution), (c) pseudoscalar self-energy, (d) pseudoscalar decay constant, and (e) scalar self-energy.
A. Fermion mass
To leading order the fermion mass receives a momentum-independent contribution through
the diagram of Fig. 2 (a). This gives the mass
MP2 = κ fP2 + m , (8)
where m is found by solving the integral equation
m =
8N g2
M2
∫
d4K
(2pi)4
κ fK2 + m
K2 + M2
K2
. (9)
A few aspects of this computation need to be clarified. First, m momentum independence is only
an approximation valid for momenta below M. Second, the second term in the numerator of
the integrand multiplies no damping factor, and the corresponding integral must be cutoff at the
scaleM. This brings in a dependence onM which is different from the one introduced by the 4F
coupling. Finally, a nonzero m brings in singularities in the complex K2 plane. This does not spoil
confinement (as the singularities are not on the real axis and no free-fermion asymptotic states
are possible) but may prevent us from Wick-rotating the integration contour to the real K0 axis.
However, for small values of m/κ we can expand the integrand, and each term of the expansion
is free of singularities. Then we can Wick-rotate, sum the series, and analytically continue to
6larger values of m/κ. This woks for the fermion mass above, but also for the computation of the
pseudoscalar self-energy and decay constant, as well as the scalar self-energy.
B. Linear term cancellation
The shift introduced in (2) is to cancel the tadpole diagram of Fig. 2 (b). This imposes the
relationship
Λ2 = 8N I (10)
where
I ≡ 1
κ
∫
d4K
(2pi)4
f 2
K2
MK2
K2 + M2
K2
. (11)
In the chiral limit, g→ 0, (10) becomes
Λ2 −→
g→0
N
2pi2
κ2 , (12)
explicitly showing the relation between Λ and κ.
C. Pseudoscalar mass and decay constant
To leading order in 1/N the pseudoscalar self-energy is given by the tree-level mass term plus
the diagram of Fig. 2 (c), where the former is fixed by condition (10). This leads to the amplitude
ΠΠ(Q2) = 8N
[
−I + IPP(Q2)
]
, (13)
where
IPP(Q2) =
∫
d4K
(2pi)4
f 2
K2
f 2
(K+Q)2
(
K · (K + Q) + MK2 M(K+Q)2
)
(
K2 + M2
K2
)(
(K + Q)2 + M2
(K+Q)2
) . (14)
The pseudoscalar mass can be found by solving numerically the equation
ΠΠ(−M2Π) = 0 . (15)
For small values of m and Q2, (13) becomes
ΠΠ(Q2) = − 1
κ2
m 〈ΨΨ〉 − Z−1Π Q2 + O(Q4) + O(m2) , (16)
7where Z−1
Π
is the pseudoscalar wavefunction renormalization,
Z−1Π ≡ −Π′Π(−M2Π) , (17)
and 〈ΨΨ〉 is the fermion condensate,
〈ΨΨ〉 = 8N
∫
d4K
(2pi)4
MK2
K2 + M2
K2
. (18)
This shows that in the chiral limit the self-energy vanishes at zero external momenta, proving that
the pseudoscalar triplet is an exact NGB in absence of chiral symmetry violations.
In order to compute the decay constant we need an expression for the axial current. This is
found as usual by requiring the action, in the chiral limit g→ 0, to be invariant under a local axial
transformation,
δAΨ(x) = −i δaA(x)γ5 TaQ(x) ,
δAΨ(x) = −i δaA(x) Ψ(x)γ5 Ta ,
δAS′(x) = −δaA(x) Πa(x) ,
δAΠ
a(x) = δaA(x)S
′(x) , (19)
where 2Ta = τa. This leads to the standard local piece plus a nonlocal piece:
− δ
δaA(x)
∫
d4yL = ∂
∂xµ
Ψ(x)γµ γ5 Ta Ψ(x)
−
∫
d4y
∫
d4y1
∫
d4y2 f (y1) f (y2)
{(
2δ4(y − x) − δ4(y − y1 − x) − δ4(y − y2 − x)
)
×
[
i (κ + S(y)) Ψ(y − y1)γ5Ta Ψ(y − y2) − Π
a(y)
2
Ψ(y − y1) Ψ(y − y2)
]
+ i abcΠb(y)
(
δ4(y − y1 − x) − δ4(y − y2 − x)
)
Ψ(y − y1)Tb Ψ(y − y2)
}
= 0 . (20)
We can express the nonlocal piece as a total divergence by using the identity
δ4(x − xA) − δ4(x − xB) =
∫ 1
0
dλ
dzµ
dλ
∂
∂µ
δ4(z − x) , (21)
where z(λ) is an arbitrary path with initial point z(0) = xA and endpoint z(1) = xB [12]. For a
straight line,
z(λ) = (1 − λ) xA + λ xB , (22)
8this leads to the conserved current
jaµA (x) = Ψ(x)γ
µ γ5 Ta Ψ(x)
−
∫ 1
0
dλ
∫
d4y
∫
d4y1
∫
d4y2 f (y1) f (y2)
{ [
yµ1 δ
4(x − y + λ y1) + yµ2 δ4(x − y + λ y2)
]
×
[
i (v + S(y)) Ψ(y − y1)γ5 Ta Ψ(y − y2) − Π
a(y)
2
Ψ(y − y1) Ψ(y − y2)
]
+ (y2 − y1)µ δ4 [(1 − λ) y1 + λ y2 − y + x] i abc Πb Ψ(y − y1)Tc Ψ(y − y2)} . (23)
This current is not uniquely defined, as we can choose a different path to express the difference
between delta functions. However the longitudinal component is unique, and the latter is the one
needed to evaluate the pseudoscalar decay constant FΠ:
〈0|qµ jaµA (q)|Πa(q)〉 −→q2→M2
Π
−i δabFΠ q2 (24)
Taking the Fourier transform of (23) and extracting the vertices, allows us to compute the matrix
element on the left-hand side. To leading order in 1/N the latter is given by the diagrams of Fig. 2
(d). Using Euclidean momenta, this eventually leads to the expression
FΠ = 4NZ
1/2
Π
I(−M2
Π
) − IPA(−M2
Π
)
M2
Π
, (25)
where
I(Q2) ≡
∫
d4K
(2pi)4
(
f(K+Q)2 fK2 + f(K−Q)2 fK2 − 2 f 2K2
)
MK2
K2 + M2
K2
, (26)
IPA(Q2) ≡
∫
d4K
(2pi)4
MK2 Q2 + K ·Q
(
f 2
K2
− f 2
(K+Q)2
)
+
(
fK2 − f(K+Q)2
)2(
K · (K + Q) + MK2 M(K+Q)2
)
(
K2 + M2
K2
)(
(K + Q)2 + M2
(K+Q)2
) .
(27)
Note that Z1/2
Π
scales like 1/
√
N, and thus FΠ properly scales like
√
N. For small values of m and
q2 ≡ −Q2 the integrals above lead to
〈0|qµ jaµA (q)|Πa(q)〉 = −i δab q2 Z−1/2Π κ + O(q4) + O(m) , (28)
whence
FΠ = Z
−1/2
Π
κ + O(m) . (29)
In this limit we can also solve (13) to obtain the pseudoscalar mass. This, together with the
expression for FΠ, readily leads to the Gell-Mann–Oakes–Renner formula [12, 19]:
F2Π M
2
Π = m 〈ΨΨ〉 + O(m2) . (30)
9D. Scalar mass
The self-energy of the scalar singlet receives direct contribution from the four-fermion operator,
and to leading order in 1/N we need to sum the chain of diagrams shown in Fig. 2 (e). Including
the tree-level mass term, which is fixed by condition (10), this leads to the expression
ΠS(Q2) = 8N
−I + ISS(Q2) +
8N g2
M2
(
JSS(Q2)
)2
1 − 8N g
2
M2 K
SS(Q2)
 , (31)
where
ISS(Q2) =
∫
d4K
(2pi)4
f 2
K2
f 2
(K+Q)2
(
K · (K + Q) −MK2 M(K+Q)2
)
(
K2 + M2
K2
)(
(K + Q)2 + M2
(K+Q)2
) , (32)
JSS(Q2) =
∫
d4K
(2pi)4
fK2 f(K+Q)2
(
K · (K + Q) −MK2 M(K+Q)2
)
(
K2 + M2
K2
)(
(K + Q)2 + M2
(K+Q)2
) , (33)
KSS(Q2) =
∫
d4K
(2pi)4
K · (K + Q) −MK2 M(K+Q)2(
K2 + M2
K2
)(
(K + Q)2 + M2
(K+Q)2
) . (34)
The last integral corresponds to a diagram like the one of Fig. 1 (b), and must be cutoff at the scale
M. The scalar mass is obtained by solving numerically the equation
ΠS(−M2S) = 0 . (35)
E. Two-flavour QCD
With respect to the pseudoscalar mass and decay constant, the only effect of the four-fermion
operator (ΨΨ)2 is to introduce an effective current fermion massm, which adds to the momentum-
dependent constituent mass. In two-flavour QCD the former should be close to mu,d ' 10 MeV,
the up- and down-quark current mass at the QCD scale. Requiring the pion mass mpi ' 135 MeV
and the pion decay constant fpi ' 92.8 MeV, gives a unique prediction for κQCD and mu,d:
κQCD ' 330 MeV , mu,d ' 12 MeV . (36)
The value of mu,d is sightly larger than it should be, but we should keep in mind that this is a
leading order prediction in 1/N, and mu,d is a rather sensitive quantity. A 7% subleading correction
to the pion mass, for instance, lowers mu,d to ∼10 MeV.
The lightest scalar singlet in QCD is the σ meson, with a measured mass around 450 MeV [20].
Our model gives a direct correction from the 4FO to the scalar mass, and thus we cannot use the
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full result as a prediction for mσ. However, removing the direct corrections from the 4FO, i.e.
diagrams with chains of two or more loops, yields the correct prediction for mσ. Computation
gives
mσ ' 425 MeV . (37)
This is in remarkable agreement with the experimental results, especially considering that it is a
leading-order prediction, and is thus subject to ∼ 10% corrections. For comparison, the local-NJL
model prediction for mσ is 550 MeV [15].
These results suggest that nlNJL models can successfully account for low-energy SCGTs which,
similarly to QCD, are precociously asymptotically free. On the other hand, it is reasonable to expect
nlNJL models to be inadequate for describing SCGTs with walking dynamics. In fact, while the
former are characterised by a single mass scale, i.e. the confinement scale, the latter feature two
hierarchically distinct mass scales, i.e. the confinement scale and the scale at which the near
conformal behaviour is lost.
F. Results
We now solve numerically the equations (9), (15), (25) and (35), to obtain m, MΠ, FΠ, and MS.
We do so by only exploring subcritical 4F couplings, i.e. couplings below the critical value for
fermion condensation via the 4FO [21]:
gc =
√
2pi2
N
. (38)
Above this value the series which leads to (31) does not converge, and we need to introduce an
additional scalar field to account for condensation. Furthermore we should only consider values
of M/κ which are well above unity, or else 4FOs are no longer useful approximations for the
underlying gauge theory. Yet,M/κ should not be too large, in order for the 4FO to have sizeable
effects on the resonances.
The numerical results are shown in Fig. 3 as a function of
√
N g, where each curve corresponds
toM/κ = 4 (thin red), 7 (medium-thick green), and 10 (thick purple). In the top-left figure we plot
m/κ, which turns out to be below unity for subcritical 4F couplings. In the top-right figure we
plot
√
NMΠ/κ, an expression of the pseudoscalar mass which does not scale with N. Note that
for
√
N g . 3 the relationship is nearly linear. Below this value chiral-symmetry breaking is small
enough that there is yet an approximately conserved chiral current, and the pseudoscalar decay
11
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FIG. 3: Numerical results obtained by solving (9), (15), (25) and (35) for m, MΠ, FΠ, and MS. Each curve
corresponds toM/κ = 4 (thin red), 7 (medium-thick green), and 10 (thick purple). We note that the
chiral-symmetry breaking mass is smaller than the confinement scale for couplings below the critical
value (38). As expected, the pseudoscalar mass grows with g, whereas the scalar mass is nearly
unaffected by the 4FO. The scalar self-energy features unphysical poles (denoted by dotted lines) which
merge with the physical poles in the proximity of the critical coupling. The latter is therefore an upper
value above which the model breaks down.
constant can be meaningfully computed using (24). This gives a result which is approximately
independent of g:
FΠ ' 1.6
√
N κ . (39)
In this region
√
NMΠ/FΠ is shown in the bottom-left figure. Note that the latter can be directly
tested by lattice computations, as the quantity on the y-axis does not involve the confinement scale
κ.
Finally, in the bottom-right figure MS/κ is shown by the solid curves. In the scalar channel
there are unphysical solutions to (35), which are shown by the dotted curves. These are present,
at larger time-like momenta, also for the theory in isolation, i.e. g → 0. A nonzero g brings
these unphysical poles to lower momenta. In the proximity of the critical coupling the unphysical
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and physical poles merge, and the model breaks down. We thus expect this computation only to
be reliable for couplings below the critical value. We note that the mass of the lightest scalar is
approximately unchanged, as g grows. This would not be unexpected in a local NJL model: in fact
the latter can be expressed in an equivalent form as a local 4FO, and the additional 4FO in (1) has
the only effect of renormalizing the former, with no implications for the scalar mass. We see that
the same result holds approximately for nlNJL models as well, and is a consequence of S and Πa
forming a linear multiplet of the chiral symmetry. If, on the other hand, the latter is non-linearly
realized, and the scalar S is a singlet of the stability group SU(2)V, large and negative corrections
to MS are possible. However the accuracy of prediction (37) suggests that the nlNJL model is a
reliable approximation of QCD at energies near κQCD.
III. DISCUSSION
In this note we have analysed the effect of a 4FO on the mass spectrum of a confining SCGT
with two fermions in an N-dimensional representation of the gauge group. This SCGT features an
SU(2)L × SU(2)R chiral symmetry which is broken by the vacuum state to SU(2)V. The confining
sector is modelled by a nlNJL action with confinement scale κ, where the latter is the mass of
the confined fermions at zero momentum. The 4FO is chosen to violate chiral symmetry, while
preserving SU(2)V. We only analysed the behaviour of the lightest pseudoscalar resonance, i.e.
the pNGB isotriplet Πa, and the lightest scalar resonance, the isosinglet S. We did the computation
in the large-N limit, which allowed us to consider both perturbative and nonperturbative values
of the 4F coupling g, although we required the latter to always be below the critical value gc for
condensation.
After checking that this model properly accounts for the experimental QCD data on the pions
and the σ meson, we computed MΠ and MS. As expected, we find that MΠ grows with g, as the
latter violates chiral symmetry and gives a positive symmetry-violating fermion mass m. On the
other hand, the lightest scalar resonance receives no large corrections to its mass, which turns out
to sightly grow from MS/κ ' 1.2 at g = 0 to MS/κ ' 1.5 at g ' gc . As the 4F coupling approaches
the critical value, unphysical solutions merge with the physical poles, and the model breaks down.
This type of computation can be applied to theories of DEWSB in which the Higgs boson is
itself a pNGB. An example is provided by the recent theories of fundamental composite dynamics
[7, 22]. In this case, since κ is expected to be several hundreds of GeV or even heavier, we
would likely need symmetry-violating 4FOs with couplings well below the critical value. On the
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other hand, theories of DEWSB in which the Higgs is the lightest scalar resonance appear to be
disfavoured, as the latter is shown to always have a mass of the order of κ, regardless of whether
the coupling g is perturbative or nearly critical. However we expect these results to be only viable
for running SCGTs, whereas nlNJL models which are only characterised by a confinement scale
are unlikely to properly account for SCGTs with walking dynamics.
Aside from the application to DEWSB, it is the author hope that this type of analysis will
also stimulate lattice research, as testable predictions are now made available. For instance, the
bottom-left plot of Fig. 3 can be directly tested on the lattice. An example of lattice computation
which is related to our analysis is provided by the study of gauged NJL models [16, 17], with 4FOs
which are themselves local NJL Lagrangians. It should be possible to generalise these models
to account for explicit chiral symmetry breaking, and evaluate the mass spectrum of the lightest
resonances as a function of the four-fermion coupling.
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